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Abstract
The N=2 supersymmetric hyperbolic Calogero-Sutherland model obtained in
arXiv:1902.08023 by gauging the N=2 superfield matrix system is studied. Classi-
cal and quantum N=2 supersymmetry generators are found. The difference in the
structure of classical and quantum supercharges is established. It is shown that, un-
like classical supercharges, quantum supersymmetry generators can be limited to an
invariant sub-sector that does not contain off-diagonal fermion operators. The Lax
pair for supersymmetric generalization of the hyperbolic Calogero-Sutherland system
is constructed.
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1 Introduction
Since the multi-particle integrable Calogero-Sutherland systems [1–3] (see [4–6] for reviews)
hold a special place in modern theoretical physics, numerous attempts are made to obtain
various generalizations of these models. Supersymmetric generalizations of the Calogero-
Sutherland models are of particular interest among possible developments. Unlike fairly well-
developed N -extended supersymmetric versions of the rational Calogero model [7–20] (see,
for example, the review [21]), supersymmetric generalizations of the Calogero-Sutherland
systems [2,3] are understood to date rather badly (see for example [20,25–31] and references
therein).
In a recent paper [32], N=2 and N=4 supersymmetric generalizations of the multi-
particle hyperbolic Calogero-Sutherland system [1,2] (see [4–6] for reviews) were constructed.
These systems were derived from the matrix one-dimensional superfield systems by the gaug-
ing procedure [22]. This method is a direct generalization of the gauging procedure used
in [13] (see also [14,21,33]) for obtaining N=1, 2, 4 supersymmetric extensions of the rational
Calogero models.1
In the N=2 matrix model considered in [32], after putting the Wess-Zumino gauge and
elimination of auxiliary fields, the n-particle system is described by the on-shell component
action Smatrix =
∫
dt Lmatrix with the Lagrangian
Lmatrix =
1
2
Tr
(
X−1∇X X−1∇X
)
+
i
2
Tr
(
X−1Ψ¯X−1∇Ψ−X−1∇Ψ¯X−1Ψ
)
+
i
2
(
Z¯∇Z −∇Z¯Z
)
− 1
4
Tr
(
X−1Ψ¯X−1Ψ¯X−1ΨX−1Ψ
)
+ cTrA , (1.1)
which involves the following matrix fields (a, b = 1, . . . , n):
• the positive definite Hermitian c-number (n×n)–matrix field
X(t) := ‖Xab(t)‖ , (Xab)∗ = Xba (X† = X) , detX 6= 0 ,
• the complex n×n–matrix fields with Grassmannian elements
Ψ(t) := ‖Ψab(t)‖ , Ψ¯(t) := ‖Ψ¯ab(t)‖ , (Ψab)∗ = Ψ¯ba (Ψ† = Ψ¯) ,
• the complex c-number U(n)-spinor fields ((1×n)– and (n×1)–matrices)
Z(t) := ‖Za(t)‖ , Z¯(t) := ‖Z¯a(t)‖ , Z¯a = (Za)∗ .
• n2 gauge fields that form the Hermitian c-number (n×n)–matrix field
A(t) := ‖Aab(t)‖ , (Aab)∗ = Aba (A† = A) ,
and are present in the last term (the Fayet-Iliopoulos term) and in the definition of
the covariant derivatives
∇X = X˙ + i [A,X ] , ∇Ψ = Ψ˙ + i [A,Ψ] , ∇Ψ¯ = ˙¯Ψ + i [A, Ψ¯] , (1.2)
∇Z = Z˙ + iAZ , ∇Z¯ = ˙¯Z − iZ¯A . (1.3)
1 Rational Calogero-Moser systems with deformed supersymmetry were derived by the gauging procedure
in [16, 17]. Similar nongauging matrix systems with an extended set of fermionic fields were considered
in [18, 19] and [34]. The matrix description of the Calogero models was also considered in [6, 35–37].
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In the Fayet-Iliopoulos term the quantity c is a real constant.
In this paper, a detailed study of the many-particle system (1.1) is carried out. In par-
ticular, classical and quantum supercharges are found and the integrability of the considered
matrix system is proved.
The plan of the paper is as follows. In Section 2, it is shown, the system (1.1) with a com-
pletely fixed gauge is exactly the multi-particle hyperbolic Calogero-Sutherland system [1,2]
in the boson limit. In Section 3, the Hamiltonian formulations of the matrix system and the
reduced system, obtained by eliminating purely gauge bosonic off-diagonal matrix fields, are
constructed. This allowed in Section 4 to find, using the Noether procedure, a full set of
N=2 supersymmetry generators. In Section 5, the Lax pair for the supersymmetric gener-
alization of the hyperbolic Calogero-Sutherland system under consideration is constructed.
Section 6 is devoted to the construction of quantum N=2 supersymmetry generators for the
hyperbolic Calogero-Sutherland system. It is shown here that, unlike classical supercharges,
quantum supersymmetry generators can be limited to an invariant sub-sector that does not
contain off-diagonal fermion operators. The last Section 7 contains a summary and outlook.
2 Lagrangian consideration
The Lagrangian (1.1) is invariant, up to the total derivative, with respect to the local U(n)
transformations, g(τ) ∈ U(n),
X → gXg† , Z → gZ , Z¯ → Z¯g† , A→ gAg† + ig˙g† . (2.1)
Ψ→ gΨg† , Ψ¯→ gΨ¯g† . (2.2)
The allowed gauge for the local transformations (2.1) is the following:
Xa
b = 0 , a 6= b , (2.3)
i. e.
Xa
b = xaδa
b . (2.4)
As a result, the Lagrangian (1.1) becomes
L =
1
2
∑
a,b
[
x˙ax˙a
(xa)2
+ i
(
Z¯aZ˙a − ˙¯ZaZa
)
+
i
xaxb
(
Ψ¯a
bΨ˙b
a − ˙¯ΨabΨba
)]
+
1
2
∑
a,b,c
[
(xa − xb)2
xaxb
Aa
bAb
a − 2Z¯aAabZb + 2cAaa + xa + xb
xaxbxc
Aa
b
(
Ψb
cΨ¯c
a + Ψ¯b
cΨc
a
)]
− 1
4
∑
a,b,c,d
1
xaxbxcxd
Ψ¯a
bΨ¯b
cΨc
dΨd
a . (2.5)
Introduce new variables qa and Φa
b, Φ¯a
b = (Φb
a)∗, which are defined by expressions
xa = exp(qa) , (2.6)
Φa
b :=
Ψa
b
√
xaxb
, Φ¯a
b :=
Ψ¯a
b
√
xaxb
. (2.7)
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In these variables the kinetic term of the Lagrangian (2.5) (first line in (2.5)) takes the form
1
2
∑
a,b
[
q˙aq˙a + i
(
Z¯aZ˙a − ˙¯ZaZa
)
+ i
(
Φ¯a
bΦ˙b
a − ˙¯ΦabΦba
)]
, (2.8)
with flat metric in all sectors. In this case, the equations of motion of the fields Aa
b, a 6= b
become
Aa
b =
1
4 sinh2
(qa − qb
2
) [ZaZ¯b − cosh (qa − qb
2
)
{Φ, Φ¯}ab
]
for a 6= b . (2.9)
After eliminating the auxiliary fields Aa
b, a 6= b, the Lagrangian (2.5) takes the form
L′ =
1
2
∑
a,b
[
q˙aq˙a + i
(
Z¯aZ˙a − ˙¯ZaZa
)
+ i
(
Φ¯a
bΦ˙b
a − ˙¯ΦabΦba
)]
− 1
8
∑
a6=b
[
ZaZ¯
b − cosh
(qa − qb
2
)
{Φ, Φ¯}ab
][
ZbZ¯
a − cosh
(qa − qb
2
)
{Φ, Φ¯}ba
]
sinh2
(qa − qb
2
)
− 1
4
Tr
(
Φ¯Φ¯ΦΦ
)
−
∑
a
Aa
a
(
ZaZ¯
a − {Φ, Φ¯}aa − c
)
. (2.10)
In the last term of the Lagrangian (2.10) the fields Aa
a are the Lagrange multipliers for
n constraints
ZaZ¯
a − {Φ, Φ¯}aa − c = 0 ∀ a (no sum over a) . (2.11)
Due to the constraints (2.11), the Lagrangian (2.10) possesses residual invariance under the
gauge abelian [U(1)]n group with the local parameters γa(t):
Za → eiγaZa , Z¯a → e−iγaZ¯a , Aaa → Aaa − γ˙a (no sum over a) , (2.12)
Φa
b → eiγaΦabe−iγb , Φ¯ab → eiγaΦ¯abe−iγb (no sums over a, b) . (2.13)
Therefore, it is possible to impose a further gauge-fixing condition
Z¯a = Za . (2.14)
In this gauge the system (2.10) is described in the bosonic limit by the action
S =
1
2
∫
dt
[ ∑
a
q˙aq˙a −
∑
a6=b
c2
4 sinh2
(qa − qb
2
) ] , (2.15)
which is just a standard action of the hyperbolic Calogero-Sutherland system of the An−1-
root type [1, 2, 4, 5].
3 Hamiltonian formulation
The Hamiltonian formulation plays an important role in obtaining classical generators of
symmetry as the Noether charges and the subsequent finding of their quantum counterparts.
In this section, we carry out the Hamiltonization of the matrix system with the Lagrangian
(1.1) and then, after gauge-fixing at the Hamiltonian level, we find the N=2 supersymmetry
generators for the reduced system with the Lagrangian (2.10).
3
3.1 Hamiltonian formulation of the matrix system
The system with the Lagrangian (1.1) is described by the momenta
Pa
b = (X−1∇XX−1)ab , (3.1)
Pa = i
2
Z¯a , P¯a = − i
2
Za , Πa
b =
i
2
(X−1Ψ¯X−1)a
b , Π¯a
b =
i
2
(X−1ΨX−1)a
b . (3.2)
The momenta of the coordinates Aa
b are zero. The nonvanishing canonical Poisson brackets
of the phase space variables are the following:
{Xab, Pcd}P = δdaδbc , (3.3)
{Za,Pb}P = δba , {Z¯a, P¯b}P = δab , {Ψab,Πcd}P = δdaδbc , {Ψ¯ab, Π¯cd}P = δdaδbc . (3.4)
The canonical Hamiltonian
Hmatrix = Pb
aX˙a
b + PaZ˙a + P¯a ˙¯Z
a
+Πb
aΨ˙a
b + Π¯b
a ˙¯Ψa
b − Lmatrix = H + Tr(AF ) (3.5)
represents the sum of the term
H =
1
2
Tr
(
XPXP
)
+
1
4
Tr
(
X−1Ψ¯X−1Ψ¯X−1ΨX−1Ψ
)
(3.6)
and the term Tr(AF ) containing the quantities
Fa
b := i[P,X ]a
b + ZaZ¯
b − 1
2
{X−1Ψ, X−1Ψ¯}ab − 1
2
{ΨX−1, Ψ¯X−1}ab − c δab . (3.7)
The form of the Hamiltonian (3.5) and vanishing momenta of the coordinates Aa
b indicate
that quantities (3.7) are the constraints
Fa
b ≈ 0 (3.8)
and the variables Aa
b are the Lagrange multipliers for them.
Momenta expressions (3.2) yield additional second class constraints
Ga := Pa − i
2
Z¯a ≈ 0 , G¯a := P¯a + i
2
Za ≈ 0 , (3.9)
Ra
b := Πa
b − i
2
(X−1Ψ¯X−1)a
b ≈ 0 , R¯ab := Π¯ab − i
2
(X−1ΨX−1)a
b ≈ 0 , (3.10)
possessing the following nonzero Poisson brackets:
{Ga, G¯b}P = −iδab , {Rab, R¯cd}P = −iX−1adX−1cb . (3.11)
Using the Dirac brackets for the constraints (3.9), (3.10)
{A,B}D = {A,B}P − i{A,Rab}PXbcXda{R¯cd, B}P − i{A, R¯ab}PXbcXda{Rcd, B}P
+ i{A,Ga}P{G¯a, B}P − i{A, G¯a}P{Ga, B}P , (3.12)
we eliminate the momenta Pa, P¯a, Πab, Π¯ab. The nonvanishing Dirac brackets of residual
phase variables take the form
{Xab, Pcd}D = δdaδbc , (3.13)
4
{Pab, Pcd}D = − i4 [X−1(ΨX−1Ψ¯ + Ψ¯X−1Ψ)X−1]adX−1cb
+ i
4
X−1a
d[X−1(ΨX−1Ψ¯ + Ψ¯X−1Ψ)X−1]c
b ,
(3.14)
{Za, Z¯b}D = −iδba , {Ψab, Ψ¯cd}D = −iXadXcb , (3.15)
{Ψab, Pcd}D = 12 δda(X−1Ψ)cb + 12 δbc(ΨX−1)ad ,
{Ψ¯ab, Pcd}D = 12 δda(X−1Ψ¯)cb + 12 δbc(Ψ¯X−1)ad .
(3.16)
The residual constraints (3.8) are “real”
(Fa
b)∗ = Fb
a (3.17)
and form the u(n) algebra with respect to the Dirac brackets (3.12):
{Fab, Fcd}D = −iδadFcb + iδcbFad . (3.18)
As a result, the constraints (3.7), (3.8) are first class and generate local U(n) transformations.
3.2 Hamiltonian formulation of the reduced system
Local transformations generated by the off-diagonal constraints Fa
b ≈ 0, a6=b in the set (3.7),
(3.8) are fixed by imposing the gauges (2.3), (2.4). After using the expansions
Xa
b = xaδa
b + xa
b , Pa
b = paδa
b + pa
b , (3.19)
where xa
b and pa
b represent the off-diagonal matrix terms, i.e. xa
a = pa
a = 0 at fixed index
a, the gauge fixing (2.3), (2.4) takes the form
xa
b ≈ 0 . (3.20)
When the gauge fixing conditions (3.20) are fulfilled, the constraints Fa
b ≈ 0, a6=b allow one
to express the momenta pa
b through the remaining phase variables:
pa
b = − i ZaZ¯
b
xa − xb +
i (xa + xb) {Φ, Φ¯}ab
2(xa − xb)√xaxb , (3.21)
where we use the odd matrix variables (2.7). Thus, introducing the Dirac brackets, we
can eliminate the variables xa
b, pa
b by means of expressions (3.20), (3.21). Moreover, these
Dirac brackets coincide with the Dirac brackets (3.13)-(3.16) since the gauge fixing conditions
(3.20) include only xa
b.
As a result, after eliminating the variables xa
b, pa
b, the considered system is described
by n even real variables xa, pa, n
2 odd complex variables Φa
b and n even complex variables
Za. Their nonvanishing Dirac brackets are
{xa, pb}′D = δab , (3.22)
{Za, Z¯b}′D = −i δba , (3.23)
{Φab, Φ¯cd}′D = −i δdaδbc . (3.24)
Point out that in the gauge (3.20) the momenta pa commute with each other (compare with
(3.14)). Besides, the Grassmannian quantities Φa
b commute with pa (compare with (3.16)).
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Also, their Dirac brackets (3.24) are proportional to the Kronecker symbols, in contrast to
the Dirac bracket for Ψa
b (see (3.15)).
Let us introduce the variables qa by relations (2.6). The canonical momenta p a of the
coordinates qa are defined by
p a = xapa , {qa, p b}′D = δab . (3.25)
In the variables qa, p a and (2.7) and after the gauge-fixing (3.20), (3.21) the Hamiltonian
(3.6) takes the form
H =
1
2
∑
a
papa +
1
8
∑
a6=b
Ra
bRb
a
sinh2
(qa − qb
2
) + 1
4
Tr
(
Φ¯Φ¯ΦΦ
)
, (3.26)
where
Ra
b := ZaZ¯
b − cosh
(
qa − qb
2
)
{Φ, Φ¯}ab . (3.27)
The residual first class constraints in the set (3.7), (3.8) are n diagonal constraints
Fa := Fa
a = Ra
a − c = ZaZ¯a − {Φ, Φ¯}aa − c ≈ 0 (no summation over a) , (3.28)
which form an abelian algebra with respect to the Dirac brackets (3.24)
{Fa, Fb}′D = 0 (3.29)
and generate the [U(1)]n gauge transformations of Za and Φa
b.
Similarly to (3.19) we can use the expansions of the Grassmannian matrix quantities
(2.7) on the diagonal and off-diagonal parts:
Φa
b = ϕaδa
b + φa
b , Φ¯a
b = ϕ¯aδa
b + φ¯a
b , (3.30)
where φa
a = φ¯a
a = 0 at fixed index a. The Dirac brackets (3.24) of the diagonal quantities
ϕa, ϕ¯a and the off-diagonal ones φa
b, φ¯a
b have the form
{ϕa, ϕ¯b}′D = −i δab , {φab, φ¯cd}
′
D
= −i δdaδbc . (3.31)
The constraints (3.28) involve only the off-diagonal fermions φ, φ¯:
Fa = ZaZ¯
a − {φ, φ¯}aa − c ≈ 0 (no summation over a) . (3.32)
In the variables ϕ, ϕ¯, φ, φ¯ the Hamiltonian (3.26) takes the form
H =
1
2
∑
a
papa +
1
8
∑
a6=b
ZaZ¯
aZbZ¯
b
sinh2
(qa − qb
2
)
+
1
4
∑
a6=b
coth
(qa − qb
2
)
sinh
(qa − qb
2
) ZaZ¯b[(ϕa − ϕb)φ¯ba + (ϕ¯a − ϕ¯b)φba − {φ, φ¯}ba]
− 1
8
∑
a6=b
1
sinh2
(qa − qb
2
) [2(ϕa − ϕb)(ϕ¯a − ϕ¯b)φabφ¯ba − 2(ϕa − ϕb)φ¯ab{φ, φ¯}ba
−2(ϕ¯a − ϕ¯b)φab{φ, φ¯}ba − {φ, φ¯}ab{φ, φ¯}ba
]
− 1
8
∑
a
{φ, φ¯}aa{φ, φ¯}aa . (3.33)
6
We see that in the bosonic limit and on the shell of constraints (3.32) the Hamiltonian (3.33)
is the Hamiltonian of the model (2.15) which describes the hyperbolic Calogero-Sutherland
An−1-root system [1, 2, 4, 5].
4 Classical generators of the N=2 supersymmetry
Since the system with the Lagrangian (1.1) considered here was obtained from the N=2
superfield action [32], it possesses the N=2 supersymmetry invariance. Supersymmetry
transformations of the matrix component fields are 2
δX = εΨ− ε¯Ψ¯ ,
δΨ = ε¯
(
−i∇X + 1
2
ΨX−1Ψ¯− 1
2
Ψ¯X−1Ψ
)
,
δΨ¯ = ε
(
i∇X + 1
2
ΨX−1Ψ¯− 1
2
Ψ¯X−1Ψ
)
,
δZ = 0 , δZ¯ = 0 , δA = 0 ,
(4.1)
where ε, ε¯ = (ε)∗ is the complex Grassmannian parameter. The corresponding Noether
charges have the form
Q = Tr(PΨ) , Q¯ = Tr(P Ψ¯) , (4.2)
where the matrix momentum Pa
b is defined in (3.1). The supercharges (4.2) and the Hamil-
tonian H presented in (3.6) form the N=2 d=1 superalgebra with respect to the Dirac
brackets (3.13)-(3.16):
{Q, Q¯}D = −2iH , {Q,H}D = {Q¯,H}D = 0 . (4.3)
Now we find the supersymmetry generators for the reduced system, which is described
by the Hamiltonian (3.26) and the first class constraints (3.28). Inserting the gauge fixing
conditions (3.20), (3.21) in (4.2) and using the variables (2.7), (3.25), we obtain
Q =
∑
a
paΦa
a − i
2
∑
a6=b
Ra
bΦb
a
sinh
(qa − qb
2
) , Q¯ =∑
a
paΦ¯a
a − i
2
∑
a6=b
Ra
bΦ¯b
a
sinh
(qa − qb
2
) . (4.4)
In the Grassmannian variables ϕ, ϕ¯, φ, φ¯, defined in (3.30), these generators take the form
Q =
∑
a
paϕa − i
2
∑
a6=b
ZaZ¯
bφb
a
sinh
(qa − qb
2
)
+
i
2
∑
a6=b
coth
(qa − qb
2
)[
(ϕa − ϕb)φ¯ab + {φ, φ¯}ab
]
φb
a , (4.5)
Q¯ =
∑
a
paϕ¯a − i
2
∑
a6=b
ZaZ¯
bφ¯b
a
sinh
(qa − qb
2
)
+
i
2
∑
a6=b
coth
(qa − qb
2
)[
(ϕ¯a − ϕ¯b)φab + {φ, φ¯}ab
]
φ¯b
a , (4.6)
2These transformations are the sum of usual supersymmetry transformations of the component fields and
compensating gauge transformation for preservation of the Wess-Zumino gauge.
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Using the Dirac brackets (3.25), (3.23), (3.31), we find that the supercharges Q, Q¯ form the
superalgebra 3
{Q,Q}′
D
= − i
4
∑
a6=b
φa
bφb
a
sinh2
(qa − qb
2
) (Fa − Fb) , (4.7)
{Q¯, Q¯}′
D
= − i
4
∑
a6=b
φ¯a
bφ¯b
a
sinh2
(qa − qb
2
) (Fa − Fb) , (4.8)
{Q, Q¯}′
D
= −2iH− i
4
∑
a6=b
φa
bφ¯b
a
sinh2
(qa − qb
2
) (Fa − Fb) , (4.9)
{Q,H}′
D
= −1
8
∑
a6=b
Ra
bφb
a
sinh3
(qa − qb
2
) (Fa − Fb) , (4.10)
{Q¯,H}′
D
= −1
8
∑
a6=b
Ra
bφ¯b
a
sinh3
(qa − qb
2
) (Fa − Fb) , (4.11)
where the Hamiltonian H is defined in (3.33) and the constraints Fa ≈ 0 are given in (3.32).
Thus, the quantities H, Q, Q¯, defined in (3.26), (4.4) (or the same (3.33), (4.5), (4.6)), form
the N=2 superalgebra with respect to the Dirac brackets (3.25), (3.23), (3.31) on the shell
of the first class constraints (3.32). Moreover, the generators H, Q, Q¯ are gauge invariant:
they have the vanishing Dirac brackets with the first class constraints (3.32),
{Q, Fa}′D = {Q¯, Fa}
′
D
= {H, Fa}′D = 0 . (4.12)
It should be noted that the terms in the supercharges (4.5), (4.6) describing the inter-
action of particles (i.e. (4.5), (4.6) without the first terms
∑
paϕa,
∑
paϕ¯a) are zero when
the off-diagonal matrix fermions φa
b, φ¯a
b vanish. In Section 6, it will be shown that in the
quantum case the situation is different: in the quantum supercharges there are terms with in-
teraction that depend only on diagonal matrix variables and generate the N=2 superalgebra
in this subsector.
Similar to the Lagrangian consideration in Section 2, we can make the gauge-fixing (2.14)
for the first class constraints (3.28) (or (3.32)). Then, the components of the spinor Za
become real and are expressed through the remaining variables by the following expressions:
Za =
√
c+ {φ, φ¯}aa (no summation over a) . (4.13)
In this gauge the supercharges (4.5), (4.6) take the form
Q =
∑
a
paϕa − i
2
∑
a6=b
√
c+ {φ, φ¯}aa
√
c+ {φ, φ¯}bb φba
sinh
(qa − qb
2
)
3 In obtaining (4.7)-(4.11) the equality
coth(ya − yb) coth(yb − yc) + coth(yb − yc) coth(yc − ya) + coth(yc − ya) coth(ya − yb) = −1
was used, where ya 6= yb 6= yc 6= ya.
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+
i
2
∑
a6=b
coth
(qa − qb
2
)[
(ϕa − ϕb)φ¯ab + {φ, φ¯}ab
]
φb
a , (4.14)
Q¯ =
∑
a
paϕ¯a − i
2
∑
a6=b
√
c+ {φ, φ¯}aa
√
c+ {φ, φ¯}bb φ¯ba
sinh
(qa − qb
2
)
+
i
2
∑
a6=b
coth
(qa − qb
2
)[
(ϕ¯a − ϕ¯b)φab + {φ, φ¯}ab
]
φ¯b
a . (4.15)
The supercharges (4.14), (4.15) have a complicated structure: they contain degrees higher
than third with respect to the Grassmannian quantities φa
b, φ¯a
b due to the presence of the
square roots in the second terms in them. Following [19] we can introduce new variables
ξa
b = φa
b
√
c+ {φ, φ¯}bb
c+ {φ, φ¯}aa , ξ¯a
b = φ¯a
b
√
c+ {φ, φ¯}bb
c+ {φ, φ¯}aa , (4.16)
in which the supercharges (4.5), (4.6) are of no higher than the third degree with respect to
all Grassmann variables:
Q =
∑
a
paϕa − i
2
∑
a6=b
(
c+ {ξ, ξ¯}bb
)
ξb
a
sinh
(qa − qb
2
)
+
i
2
∑
a6=b
coth
(qa − qb
2
)[
(ϕa − ϕb)ξ¯ab + {ξ, ξ¯}ab
]
ξb
a , (4.17)
Q¯ =
∑
a
paϕ¯a − i
2
∑
a6=b
(
c+ {ξ, ξ¯}bb
)
ξ¯b
a
sinh
(qa − qb
2
)
+
i
2
∑
a6=b
coth
(qa − qb
2
)[
(ϕ¯a − ϕ¯b)ξab + {ξ, ξ¯}ab
]
ξ¯b
a . (4.18)
The supercharges (4.17), (4.18) coincide exactly with the N=2 supersymmetry generators
presented in [23], [24]. Despite the absence of irrationalities in the supercharges (4.17), (4.18)
and the absence of additional gauge symmetries in the system, they have a very unusual
property: the Grassmann quantities (4.16) do not turn into each other under conjugation,
(ξa
b)∗ = ξ¯b
a c+ {φ, φ¯}bb
c+ {φ, φ¯}aa
. (4.19)
In our opinion, this fact is a serious obstacle to the construction of its quantum realization
and the corresponding quantum counterparts of the supercharges. For this reason, we will
work with the supercharges (4.4) (or (4.5), (4.6)) below.
5 Lax pair and conserved charges
Classical dynamics of the reduced system with the Hamiltonian H and the generators of the
N=2 supertranslations Q, Q¯, defined in (3.33), (4.5), (4.6), can be represented in the Lax
representation [38]. To do this, it is necessary to consider the following pair of the n×n
matrices:
La
b = pa δa
b − i (1− δba) Rab
2 sinh
(qa − qb
2
) , (5.1)
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Ma
b = −1
4
{Φ, Φ¯}aaδab − 1
4
(
1− δba
)

 cosh
(qa − qb
2
)
sinh2
(qa − qb
2
) Rab + {Φ, Φ¯}ab

 . (5.2)
Then, the evolution of the matrix L,
L˙a
b = {Lab,H}′D , (5.3)
is represented by the matrix commutator
L˙a
b = −i[L,M ]ab −
(
1− δba
) Fa − Fb
4 sinh2
(qa − qb
2
) , (5.4)
where Fa are the constraints defined in (3.32). Thus, on the shell of constraints (3.32) Fa ≈ 0
these matrices La
b and Ma
b form the Lax pair.
Similar to equations (5.3), (5.4), the equations of motion of the fermionic matrix variables
Φa
b, Φ¯a
b are also represented as commutators of these matrices and the matrix M (5.2):
Φ˙a
b = {Φab,H}′D = −i[Φ,M ]ab , ˙¯Φab = {Φ¯ab,H}
′
D
= −i[Φ¯,M ]ab . (5.5)
After obtaining the Lax representations for the equations of motion (5.4), (5.5), the
conserved charges are easily found. So equations (5.4) imply that the trace of the k-th
degree of the matrix (5.1)
Ik := Tr(L
k) (5.6)
satisfies the equation
I˙k =
k
4
∑
a6=b
(Lk−1)a
b
sinh2
(qa − qb
2
) (Fa − Fb) . (5.7)
Thus, on the shell of constraints (3.32), the quantities (5.6) are conserved:
I˙k ≈ 0 . (5.8)
Moreover, equations (5.5) show that odd quantities
I k := Tr(ΦLk) , I¯ k := Tr(Φ¯Lk) (5.9)
are also conserved:
I˙ k = 0 , ˙¯I k = 0 . (5.10)
Equations (5.4), (5.5) lead to a stronger consequence: the trace
J := Tr(F) (5.11)
of any polynomial function F(L,Φ, Φ¯) of the matrix variables Lab, Φab, Φ¯ab is a conserved
quantity on the shell of constraints (3.32):
J˙ ≈ 0 . (5.12)
In particular, the third term in the Hamiltonian (3.26)
J := −1
8
Tr
(
{Φ, Φ¯}{Φ, Φ¯}
)
(5.13)
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is conserved, J˙ = 0. The total Hamiltonian (3.26) is the sum of this conserved charge and
half of the second member in the set (5.6):
H =
1
2
I2 + J . (5.14)
In addition, the supercharges (4.4) are exactly the first members in the sets (5.9):
Q = I 1 , Q¯ = I¯ 1 . (5.15)
Thus, deriving the Lax pair and finding the set of conserved charges proves the classical
integrability of the considered many-particle supersymmetric system.
It should be noted that the structure of the conserved charges in the considered super-
symmetric system (5.12), in particular, the supercharges (5.15) as Tr(ΦL), is similar to the
form of the charges in the trigonometric (non-matrix) supersymmetric system studied in [29].
6 Quantum generators of the N=2 superalgebra
Quantum N=2 supersymmetric hyperbolic Calogero-Sutherland system is described by the
operators
qa , p a , Za , Z¯
a , Φa
b , Φ¯a
b ,
which are quantum operators corresponding to the classical phase space variables qa, p a,
Za, Z¯
a, Φa
b, Φ¯a
b. The Dirac brackets (3.25), (3.23), (3.24) produce the following canonical
(anti)commutation relations:
[qa,p b] = i δab , [Za, Z¯
b] = δba , {Φab, Φ¯cd} = δdaδbc . (6.1)
Similar to (3.30) we can use the expansions for the operators
Φa
b = ϕaδa
b + φa
b , Φ¯a
b = ϕ¯aδa
b + φ¯a
b , (6.2)
where φa
a = φ¯a
a = 0 at fixed index a. Then, the anticommutators in (6.1) take the form
{ϕa, ϕ¯b} = δab , {φab, φ¯cd} = δdaδbc . (6.3)
Below we will use the coordinate representation for the operators qa, p a:
qa = qa , p a = −i∂/∂qa . (6.4)
Taking the Weyl-ordering in the quantum counterpart of the classical supercharges (4.4),
we obtain the quantum supercharges:
Q =
∑
a
paϕa − i
4
∑
a6=b
coth
(qa − qb
2
)(
ϕa −ϕb
)
− i
2
∑
a6=b
Ra
bφb
a
sinh
(qa − qb
2
) , (6.5)
Q¯ =
∑
a
paϕ¯a +
i
4
∑
a6=b
coth
(qa − qb
2
)(
ϕ¯a − ϕ¯b
)
+
i
2
∑
a6=b
φ¯a
bRb
a
sinh
(qa − qb
2
) , (6.6)
where
Ra
b := ZaZ¯
b − cosh
(
qa − qb
2
)
{Φ, Φ¯}ab (6.7)
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are the quantum counterparts of the quantities (3.27).
The quantum supercharges (6.5), (6.6) form the superalgebra
{Q,Q} = 1
4
∑
a6=b
φa
bφb
a
sinh2
(qa − qb
2
) (Fa − Fb) , (6.8)
{Q¯, Q¯} = 1
4
∑
a6=b
φ¯a
bφ¯b
a
sinh2
(qa − qb
2
) (Fa − Fb) , (6.9)
{Q, Q¯} = 2H+ 1
4
∑
a6=b
φ¯a
bφb
a
sinh2
(qa − qb
2
) (Fa − Fb) , (6.10)
[Q,H] = − i
8
∑
a6=b
Ra
bφb
a
sinh3
(qa − qb
2
) (Fa − Fb) , (6.11)
[Q¯,H] = − i
8
∑
a6=b
φ¯a
bRb
a
sinh3
(qa − qb
2
) (Fa − Fb) , (6.12)
where the quantum Hamiltonian is defined by the expression
H =
1
2
∑
a
papa +
1
8
∑
a6=b
Ra
bRb
a
sinh2
(qa − qb
2
) − 1
8
Tr
(
{Φ, Φ¯}{Φ, Φ¯}
)
+
n(4n2 − 1)
24
. (6.13)
The operators
Fa := Ra
a − c = ZaZ¯a − {Φ, Φ¯}aa − c (no summation over a) , (6.14)
that are on the right-hand sides of relations (6.8)-(6.12) are the quantum counterparts of the
classical first class constraints (3.28). We see that the quantum superalgebra (6.8)-(6.12) is
similar to the classical superalgebra (4.7)-(4.11). Moreover, in the space of physical states
|Ψ〉 that obey the conditions Fa|Ψ〉 = 0, the operatorsQ, Q¯, H form the N=2 superalgebra.
In contrast to the classical supercharges (4.5), (4.6), the quantum supercharges (6.5),
(6.6) have the following special property: the first two terms
Q :=
∑
a
paϕa − i
4
∑
a6=b
coth
(qa − qb
2
)(
ϕa −ϕb
)
, (6.15)
Q¯ :=
∑
a
paϕ¯a +
i
4
∑
a6=b
coth
(qa − qb
2
)(
ϕ¯a − ϕ¯b
)
(6.16)
in the supercharges (6.5), (6.6) are separated and, moreover, do not contain off-diagonal
fermions φa
b, φ¯a
b. The generators (6.15) and (6.16) themselves form the N=2 superalgebra
{Q, Q¯} = 2H , {Q,Q} = {Q¯, Q¯} = 0 , (6.17)
where the Hamiltonian of such a “truncated” subsystem is given by the following expression:
H =
1
2
∑
a
papa +
1
8
∑
a6=b
(
ϕ¯a − ϕ¯b
)(
ϕa − ϕb
)
sinh2
(qa − qb
2
) + n(n2 − 1)
24
. (6.18)
12
Thus, the system with the generators (6.15), (6.16) and (6.18) is in fact the N=2 minimal
extension of the hyperbolic Calogero-Sutherland system. A similar N=2 minimal Calogero-
Sutherland system in the trigonometric case was studied in [29].
Thus, we have obtained an important conclusion regarding the supercharges of the con-
sidered Calogero-Sutherland system. In the classical charges (4.4), all non-trivial terms are
proportional to the off-diagonal fermions φa
b, φ¯a
b and pass away when these fermions disap-
pear. That is, in the classical case, the presence of off-diagonal fermions is the key point in
constructing the N=2 extension of the Calogero-Sutherland system as a gauged superfield
matrix model. In the quantum case, the physical space of the model contains the subsector
without off-diagonal fermions, which is invariant with respect to the N=2 supersymmetry.
The supersymmetry generators in this subsector are presented in (6.15), (6.16), (6.18).
7 Concluding remarks and outlook
In this paper, a classical and quantum description of theN=2 supersymmetric multi-particle
hyperbolic Calogero-Sutherland system is presented, which was obtained from the matrix
superfield model by the gauging procedure. Explicit expressions are obtained for the clas-
sical and quantum generators of the N=2 supersymmetry, corresponding to the hyperbolic
Calogero-Sutherland system considered here.
In the fully matrix system, the supercharges (4.2) have a simple form, but a system like
this has a large number of gauge degrees of freedom corresponding to the u(n) first class
constraints (3.7), (3.8). In the reduced system without off-diagonal even matrix variables, the
supercharges (4.4) (or (4.5), (4.6)) have the Calogero-like form. The N=2 supersymmetry
algebra is closed in this case only on the shell of the residual [u(1)]n first class constraints
(3.28). It is emphasized that non-trivial terms in the classical supercharges (4.4) vanish
when off-diagonal odd variables disappear. This is not so in the quantum case, where the
obtained quantum supersymmetry generators (6.5), (6.6) contain the terms (6.15), (6.16)
that are independent of off-diagonal fermions and form the N=2 supersymmetry algebra.
In addition, the Lax pair (5.1), (5.2) is found for the system under consideration and the set
of the conserved quantities (5.6), (5.9), (5.11) is defined.
In the next publications, it is planned to study the N=4 supersymmetric hyperbolic
Calogero-Sutherland system constructed in [32]. In contrast to the N=2 case discussed in
this paper, the N=4 supersymmetric generalization has the U(2) spin hyperbolic Calogero-
Sutherland system as a bosonic core. An interesting question here is to understand the role
of spin variables in systems of this type and to make possible the separation of the invariant
subsector without off-diagonal odd variables in the quantum case.
One more interesting problem is to construct the N=2 and N=4 supersymmetric gen-
eralizations of the trigonometric Calogero-Sutherland system by the gauging procedure of
some matrix systems.
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